We consider con guration spaces of non-identical pointlike particles. The physically motivated assumption, that any two particles can not be located at the same point in spacetime leads to non-trivial topological structure of the con guration space. For a quantum mechanical description of such a system, we classify complex vector bundles over the conguration space and obtain potentials of topological origin, similar to those that occur in the bre bundle approach to Dirac's magnetic monopole or in Yang-Mills theory.
Introduction
In a quantum mechanical description of a system located on a non-trivial con guration space one expects that the topological structure is re ected by some observable properties of the system, for example by the energy spectrum or the statistics. There are several types for such con guration spaces:
A pointlike particle is located on a manifold with non-trivial topological structure. In this case the con guration space is the manifold itself. Here one can construct toy models, for example a particle on a torus 1], to study characteristic features of 1-particle quantum mechanics on non-trivial spaces. Several examples of this type have a non-vanishing fundamental group 1 , e. g. for R z (R 2 xy nf0g) (Aharanov-Bohm-situation) 1 = Z holds.
Physically motivated constraints are imposed upon a pointlike 'free' system located on a trivial con guration space. This is well known in classical mechanics, and in order to quantize this system the question arises, whether the constraint classical system has to be quantized or if one has to impose the constraints upon the quantized 'free' system. In the latter case one has to reformulate the classical constraints in the language of quantum mechanics.
The fundamental group of con guration spaces of identical particles is either the braid group or the symmetric group, depending on the dimension of the 1-particle con guration space.
In this paper we investigate another type of topological non-trivial con guration spaces: the con guration space of m non-identical pointlike particles in R n . The only constraint imposed upon the system is the statement, that each two particles can not be located at the same point in space-time. It is somehow surprising, that this innocent looking constraint leads to some signi cant structure. We de ne the diagonal set as m (R n ) := f(x 1 ; : : : ; x m ) 2 (R n ) m j9i 6 = j : x i = x j g (x i 2 R n ) and the con guration spaceC m (R n ) of m non-identical particles in R n as C m (R n ) := (R n ) m n m (R n ):
For n 3 the non-trivial topological structure is not re ected in the fundamental group { 1 (C m (R n )) = 0 holds { but in the cohomology ring H (C m (R n ); Z).
The quantization procedure which we will use is known as Borel quantization 2], which covers the in uence of the con guration space topology. In the following we mention those details of this method, which are important for our discussion. Consider complex vector bundles over the con guration space, where the vector indices describe internal degrees of freedom; such 1 bundles can be equipped with a hermitian metric and non-trivial bundle structures are also possible. Isomorphism classes of these bundles are classi ed by certain topological properties of the base manifold, which are partially encoded in its cohomology ring. The Hilbert space of the quantized system is constructed by completing the space of square integrable bundle sections. Non-isomorphic vector bundles give rise to the same Hilbert space but to unitary inequivalent representations of the kinematical algebra. Because a at connection does not exist on nontrivial bundles over a simply connected base space, topological potentials occur. In order to obtain inequivalent quantizations one has to determine isomorphism classes of vector bundles together with corresponding topological potentials and has to look for physical systems, which realize this mathematical structure.
The paper is organized as follows: in section II we list some methods for the classi cation of complex vector bundles 1 . As a rst example we considerC 2 (R n ), i. e. the con guration space of two particles in R n , in section III. In section IV we compute for the m-particle case the cohomology ring H (C m (R n ); Z) for n 3, following an idea by Arnol'd 4] . For this computation we use the Leray-Serre spectral sequence of a bre bundle and especially Leray's theorem for singular cohomology with coe cients in a commutative ring 2 . Finally (section V and VI) we apply the methods presented in section II to the spaceC m (R n ) and discuss our results in view of quantizing the m-particle system. This paper contains the topological framework of Borel quantization.
Classi cation of complex vector bundles
We recall results from the classi cation theory of complex vector bundles. For example, if the base space is homeomorphic to the n-dimensional sphere: B = S n , we have B =S(S n?1 ) and thus V ect k (S n ) = S n?1 ; GL(k; C)] = n?1 (GL(k; C)) = n?1 (U(k)):
The isomorphism classes of k-dimensional complex vector bundles over the n-dimensional sphere are classi ed by homotopy groups of the unitary groups. This will be used for C 2 (R n ) in section III. where the right hand side is the rst cohomology class with a distinguished element corresponding to the trivial k-dimensional vector bundle over B 7] .
In the special case k = 1 the coe cient group GL(k; C) is abelian and H 1 C (B; GL(1; C)) carries a group structure. After retracting GL(1; C) to U(1) one can employ the short V ect k (B) =K(B) (k 1 2 dim(B)): In general this result is not very helpful, because one has to computeK(B) instead of V ect k (B). But in case of B =C m (R n ) the reduced Grothendieck group is known or can be computed from the even dimensional cohomology using the Chern character (see section VI). In the following sections we apply the methods presented above to the con guration spaces of non-identical particles.
3 Vector bundles overC 2 (R n )
We consider the con guration spacẽ C 2 (R n ) = (R n R n )n 2 (R n ) of two non identical particles in R n , n 2, which can be written in the form C 2 (R n ) = R n R + S n?1 ;
where the rst factor describes the center of mass, the second factor their (non-vanishing) distance and the third factor the angular coordinates of the oriented line connecting both particles. Because R n R + is contractible, we have V ect k (C 2 (R n )) = V ect k (S n?1 ):
>From method 1 in section II we obtain immediately a complete classi cation by
In the following table we list the isomorphism classes of complex vector bundles overC 2 (R n ) for 2 n 8 and 1 k 6, where 6 In contrast to the 2-particle case considered in the last section, the con guration spaceC m (R n ) for m 3 cannot be decomposed in an analogous form as in (3) . Hence, the computation of V ect k (C m (R n )) is more complicated. Because our results in section V and VI are based on the cohomology ring H (C m (R n ); Z) and the application of the classi cation methods 2 and 3 described in section II, we indicate the computation of H (C m (R n ); Z) in the following subsections. 
A construction by
>From now on we exclude the case n = 2, which has already been discussed by Arnol'd. (4) VII. Summary and outlook We gave a classi cation of k-dimensional complex vector bundles over con guration spaces C m (R n ) of non-identical pointlike particles. This classi cation is a rst step towards a quantum mechanical description of a many-particle system, with the constraint, that two pointlike particles can not be located at the same point in space-time. The methods we used for the classi cation depend on three parameters: n is the dimension of the physical space R n , in which the particles are located. The preferred case { at least for physical reasons { n = 3 is the most interesting one, also from the mathematical point of view, m is the number of particles, k is the rank of the vector bundle, i. e. the dimension of the bre, and constitutes the setting for internal degrees of freedom, for example spin, isospin, colour, etc..
In order to avoid the in uence of a non-trivial fundamental group, we excluded the case n = 2, which has to be treated separately. Nevertheless, topological e ects are present due to our constraint mentioned above.
We summarize our results: For the two-particle case (m = 2) our classi cation is reduced to the computation of homotopy groups of unitary groups. An exhaustive classi cation for the general m-particle case is an open problem, because vector bundles of rank k with 1 < k < stable range are not covered by the methods we used.
We have shown, that topological structures appear, which are familiar in several physical theories (Dirac's magnetic monopole, Yang-Mills theory, geometrical phase 13]). Methods and results available in these theories might be useful for further investigations of physics oñ C m (R n ).
For a quantization onC m (R n ) a connection on the bundle is necessary. This leads to a momentum operator acting as a di erential operator on bundle sections, and we will obtain Schrdinger equations by postulating a generalized rst Ehrenfest relation 14]. The spectrum of the corresponding Hamiltonians can be compared with experimental data.
For a classi cation of vector bundles over con guration spaces C m (R n ) of identical particles F. J. Bloore 15] proved V ect 1 (C 3 (R n )) = H 2 (C 3 (R n ); Z) = Z 2 (n 3): For these con guration spaces one can de ne statistical properties and investigate a relationship between the bundle structure, a particular choice of a connection on it and the statistical behaviour of the system. Again, Borel quantization has to be accomplished. Concerning con guration spaces of non-identical and identical particles located on a non-trivial manifold, for example particles on a circle, a sphere, a torus, etc. only sporadic results exist ( 15] 
